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THE KOENIG FORCE IN A COMPRESSIBLE FLUID 

A. A. Doinikov and S. T. Zavtrak UDC 534:532.529.6 

In publications referring to the Koenig force (see, for example [1-3]), it is assumed 
that the acoustic wavelength is much larger than the separation between the dispersed parti- 
cles. Such an assumption allows fluid compressibility to be neglected, but it is valid only 
for low frequency waves. On the other hand, in practice, for instance in ultrasound tech- 
nology, radiation of quite high frequency (i04-i0 s Hz [4]) must be considered. The wave- 
length of such radiation can be comparable to or even smaller than the separation between 
particles while remaining many times larger than their dimension. Obviously the neglect of 
fluid compressibility is then unjustified. The question arises: how does the structure of 
the Koenig force change when fluid compressibility is taken into account? This paper gives 
an answer to the question. 

Thus we need to compute the force of radiative interaction (the Koenig force) of two 
rigid spherical particles whose centers execute small oscillations of circular frequency 
when the separation ~ between the particles is comparable to the acoustic wavelength ~ = 
2~cm -I. The speed of sound in the fluid is c, and the particles have radii R I and R 2. 

We examine the issue of small parameters. First, we assume that two standard condi- 
tions are satisfied: the fluid vibration is potential, that is, w = V~ (~ is the potential 
of the fluid velocity w); and lwl/c << I. The latter condition is indicative of the small 
amplitude of the wave field. Second, in the solution to the analogous problem for an in- 
compressible fluid, two other small parameters are used: kR1, 2 << i and k~ << i (k = m/c is 
the wavenumber), with kRi,2 << ks Their small magnitude and the relation between them fol- 
lows from the assumption RI, 2 << ~ << ~. Relaxing the requirement ~ << ~ means that only 
one small parameter, kRi,2, remains in which to carry out all expansions. 

It is well known that radiation forces, including the Koenig force, are quadratic in 
the field. Considering this, the problem can be formulated thus: we must find the leading 
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terms in the expansion of the Koenig force in the parameter kRi,2, in the quadratic field 
approximation for arbitrary dependences X and s 

The radiation force Fj acting on the j-th particle (j = i, 2) will be computed by the 
formula obtained in [3] : 

F~ = ,Oo <~! [nj(v2--k2q~2)/2- v (v.nj)] ds j>.  (1)  

Here P0 is the density of the undisturbed fluid, dsj is the surface element of the j-th 
particle at rest, and nj is the unit outward normal vector to this surface. The angular 
brackets denote time averaging. Since all terms in the integrand of (i) are quadratic in 
the field, r and v can be reasonably calculated from an approximation that is linear in the 
field. Consequently, we can use the linearized equations of fluid motion and can :restrict 
satisfaction of the boundary conditions for v at the surface of the particle at rest. Thus 
we must solve the boundary value problem 

Aqo + k~q~ = 0; (2) 
nj .v  = nj-wj f o r  pj = n jR j, ] = l, 2, (3) 

where pj = r-rj ; r is the radius vector of a point in the fluid; rj is the radius vector 
of the equilibrfum position of the center of the j-th particle; wj = Re{U~ exp(-i~t)} is the 
oscillation rate of the j-th particle; and U- is the complex amplitude ~qe write c~ in the 3 ~ " 

form of a sum of two dipole potentials: r = r + r Here 

( i )  . ~j = Re {aj~ni~h ~ (kp;) exp (-- io)t)} (,oj = ] pj I); (4) 

h ( 1 ) l ( k p j )  i s  t h e  s p h e r i c a l  Hankel  f u n c t i o n ;  a summation i s  c a r r i e d  o u t  over  t h e  i ndex  a .  
I t  i s  e v i d e n t  t h a t  r s a t i s f i e s  ( 2 ) .  C o r r e s p o n d i n g l y ,  f o r  t h e  f l u i d  v e l o c i t y  w we o b t a i n  
w = v l  + w2, where vj  = Y ' r  We f i n d  t h e  unknown c o e f f i c i e n t s  a j a  from t h e  boundary  con-  
d i t i o n s  (3)  t o  an a c c u r a c y  of  t h e  l e a d i n g  t e rms  in  kR1,2:  a j a  = - i k 2 R 3 j U j a / 2 .  

L e t  us now s w i t c h  to  t h e  c a l c u l a t i o n  o f  t h e  r a d i a t i o n  f o r c e s .  C o n s i d e r i n g  t h e  sym- 
m e t r y  o f  t h e  p rob lem,  i t  i s  s u f f i c i e n t  t o  f i n d  t h e  f o r c e  F x a c t i n g  on t h e  f i r s t  p a r t i c l e .  
The f o r c e  F2 i s  t h e n  e a s i l y  found  by r e v e r s i n g  t h e  n o t a t i o n  f o r  t h e  f i r s t  and second p a r t i -  
c l e s  i n  t h e  e x p r e s s i o n  f o r  Yl.  S e t t i n g  j = 1 i n  (1)  and s u b s t i t u t i n g  t h e  e x p r e s s i o n s  f o r  r 
and w i n t o  i t ,  we have 

F1=f)~ qs (5) 

q - p 0 < !  I [n~ (v~ .v~-  k ~ % % ) -  v~ (v2. n ~ ) -  v2 (v~ -n~)] d q > .  

The i n t e g r a n d  in  t h e  f i r s t  t e rm of  (5)  has  no s i n g u l a r i t y  in  t h e  volume bounded by t h e  s u r -  
f a c e  s z .  By t r a n s f o r m i n g  t h e  s u r f a c e  i n t e g r a l  t o  a volume i n t e g r a l ,  i t  i s  e a s y  t o  c o n f i r m  
that the first term is identically equal to zero. Substituting r and v~ from (4) into the 
second term, we verify that it is zero as well. Expanding r and v 2 in a series about the 
point r = rl: 

~ ~ ~(r~) + P~v~" ~(r~); 
v2 ~ v2(rl) + (pl"v1)v~(r~). 

We s u b s t i t u t e  (6)  and (7) and a l s o  r and v~ i n t o  t h e  t h i r d  t e rm in  ( 5 ) .  
straightforward intermediate calculations, we write the final formula 

F~ = -- 2~P0R ~ <(w~.V~) v 2 (rl) >. 

Together with (4), formula (8) solves the problem we have posed. 
expressions which hold for both ~ and ~2: 

(6) 
(7) 

Omitting the 

(8) 
We introduce the final 

where 
Fj = Fil q- F~.~ q- Fia q- Fj4 , 

Fj~ = B Im [exp [-- (-- t)~ ikI1 (m. U~) (m. U2) m} (k[)-l; (9) 
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Fj2 = (-- i)s B Re {exp [-- (-- l)J ikl] [(m. U2) U~ + (10)  

+ (m.U~) U 2 + (U~ .U2)m- -6  (m.U~)(m.U2)m]} (k/)-2; 

Fja = 3B Im {exp [-- (-- t)~ ikl] [(m. U2) U~ + ( 11 ) 

+ (m.U: )  U: + (U~.U~) m - -  5 (m.U:)  (m.C2) m]} (k/)-s; 

Fj4 = --  3 (-- l)J B He {exp [-- (-- l)J ikl] [(m. U2) U~ + (12) 

+ (m. V~) U~ -k (C~. U2) m --  5 (m. U~) (m. U2) m]} (kl)-a 

( 8  =  k R RIpo/2, m = l # ,  1 = - -  r l )  

Le t  us compare t h e s e  f o r m u l a s  w i t h  t h o s e  from p r e v i o u s  works .  In  [1,  2 ] ,  a f o rm u la  
f o r  t h e  Koenig  f o r c e  in  an i n c o m p r e s s i b l e  f l u i d  was g i v e n  unde r  t h e  c o n d i t i o n  t h a t  bo th  
p a r t i c l e s  o s c i l l a t e  a l o n g  t h e  l i n e  j o i n i n g  t h e i r  c e n t e r s .  In  [ 3 ] ,  t h i s  f o r m u l a  was gen-  
e r a l i z e d  to  t h e  c a s e  o f  a r b i t r a r y  d i r e c t i o n  o f  p a r t i c l e  o s c i l l a t i o n .  Th i s  c a s e  i s  s i g n i f -  
i c a n t l y  more complex.  Taking  f l u i d  c o m p r e s s i b i l i t y  i n t o  a c c o u n t  shows t h a t  t h e  s t r u c t u r e  
o f  t h e  Koenig  f o r c e  i s  o f  an even more complex c h a r a c t e r .  F i r s t ,  t h e r e  a r i s e  l o n g - r a n g e  
t e rms  in  ( 9 ) - ( 1 1 )  f o r  t h e  Koenig  f o r c e ,  wh ich ,  u n l i k e  t h e  " c l a s s i c a l "  t e rm (12)  a r e  i n -  
v e r s e l y  p r o p o r t i o n a l  n o t  t o  ~4, bu t  t o  ~, C2 and ~ ,  r e s p e c t i v e l y .  In  t h e  l i m i t  o f  an i n -  
c o m p r e s s i b l e  f l u i d  (k~ << 1) ,  i t  i s  p o s s i b l e  t o  be r e s t r i c t e d  t o  t h e  l a s t  t e rm o f  (12)  a l o n e ,  
which c o i n c i d e s  w i t h  t h e  r e s u l t s  o b t a i n e d  in  [ 1 - 3 ] .  Second,  t h e  Koenig  f o r c e  b e g i n s  t o  de-  
pend on t h e  r e r a d i a t i o n  phase  kC. As a consequence  o f  t h i s ,  i t  can approach  ze ro  and 
change s i g n  f o r  f i x e d  ~. T h i r d ,  l z  + Y2 m 0. Th i s  i s  r e l a t e d  t o  t h e  f a c t  t h a t  in  an i n -  
c o m p r e s s i b l e  f l u i d ,  p a r t  o f  t h e  momentum of  t h e  s y s t e m i s  c a r r i e d  away to  i n f i n i t y  [5 ] .  

In  c o n c l u s i o n ,  we n o t e  t h a t  t h e  change  in  t h e  s t r u c t u r e  o f  t h e  Koenig  f o r c e  h a s ,  in  
some s e n s e ,  a u n i v e r s a l  c h a r a c t e r .  S i m i l a r  changes  a r e  o b s e r v e d  f o r  t h e  Berkness  f o r c e  
[5,  6 ] .  The same e f f e c t  a l s o  o c c u r s  in  p rob lems  o f  r a d i a t i v e  i n t e r a c t i o n  in  an e l e c t r o m a g -  
n e t i c  wave f i e l d  o f  e l e c t r i c  c h a r g e s  [7] and m a g n e t i c  moments [8 ] .  
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